We present several applications of H. P. Rosenthal's subsequence splitting 1 Ž . lemma: Each bounded sequence in L R admits a subsequence satisfying the conclusion of a generalized Fatou's lemma and presenting a concentration of mass phenomenon. We show that the modulus of uniform integrability of a bounded 1 Ž . sequence in L R plays a capital role in the convergence in measure of such a sequence. A Cauchy type theorem for the convergence in measure is established. Finally we study the existence of minima of the L 1 -norm on closed convex subsets 1 Ž .
INTRODUCTION
Ž . The biting lemma Corollary 2.5 is a subject of increasing interest. It w x w x has been proved among others by Gaposhkin 5 , Brooks and Chacon 4 , w x and Slaby 13 . It can be derived from H. P. Rosenthal's subsequence w x splitting lemma 3, 14 , which contains some additional information and which is the main tool of the present paper. For some recent applications w x of the biting lemma we refer to Saadoune and Valadier 12 . Most of the w x results presented here were announced in 7 .
Ž . Throughout this paper, ⍀, ⌺, P will be a fixed probability space. We 1 Ž . will consider the Banach space L E of Bochner-integrable functions Ž . built over the probability space ⍀, ⌺, P and a separable Banach space E. We are frequently concerned with the case E s R. w x In 14 H. P. Rosenthal defined the modulus of uniform integrability Ž .
1 Ž . H of a bounded subset H : L R : For ) 0, put 
6 the equi¨alence of the following statements:
iii the sequence f Љ con¨erges weakly to f ; Ž . easy to verify the equalities in 1 and 2 . We know from the proof of the
Ž. term is equal to f . The proof of 2 is finished.
A n Ž X . Note that f converges in measure to 0. Without loss of generality A n n we may assume that it converges P-almost everywhere to 0. It follows that
The combination of Lemma 2.1 with Komlos' theorem 9 allows us tó Ž .
Ž . sequence C fЉ converges P-a.e. to g. It is not hard to see that the Ž . equality g s f holds P-a.e. Applying Lemma 2.2 to C fЉ , we obtain
It follows from the subsequence splitting lemma that
Ž . Ž . Ž . The statement 6 follows from Lemma 2.1 and assertions 1 ᎐ 5 .
The following result is known as the biting lemma. Another application of Theorem 2.4 yields the generalized Fatou's w x lemma obtained in 8 .
Combine assertions 2 and 3 of Theorem 2.4.
Proof. We proceed as in the proof of Theorem 2.4 which we apply to Ž< < . Ž . the sequence f y f . Thus we can choose a subsequence f Ј s f Ј of n ϱ n Ž . Ž . f and a sequence of pairwise disjoint measurable sets A such that n n Ž < X <. 1 Ž . f yf converges weakly to an element h belonging to L R . 
Ž . 
We then get the equality
. Remember that u is uniformly integrable and that P A converges to n n 0. Therefore we have
Ž . In order to finish the proof, it is sufficient to show that u is a norm n Cauchy sequence. Note that
X < f dP. Let us consider the four sequences on the right side of the previous m equality. The first two converge to 0 when n and m tend to infinity, n / m. By virtue of the hypothesis we may assume that the third sequence Ž . converges to a point less than or equal to 2 f . The last sequence Ž . Ž . converges to 2 f by ) . Ž . Ž . Remarks. The existence of the minimum in the previous theorem is due w x w x to Levin 10 . Balder 1 proved Levin's theorem by means of Komlos' theorem. He applied the latter to the study of weak compactness in L is con¨ex, non-¨oid, and weakly compact.
